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Optimum Design and Validation of Flat Composite Beams
Subject to Frequency Constraints
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The use of the dynamic stiffness method has been extended to permit optimum (minimum mass) design of

nonuniform composite beams subject to frequency constraints. The beams are modeled as a series of elements,
stepped in thickness at discrete nodes, and are constrained to have a minimum separation between ® rst bending

and ® rst torsional frequencies. The frequency constraints are supplied to the optimizer, DOT (design optimization
tools), using the dynamic stiffness method, which incorporates a mode tracking routine to ensure that the ® rst

bending and ® rst torsional natural frequencies are located at each design iteration. An optimum design has been
manufactured from a carbon ® ber/epoxy composite and subjected to an experimental modal analysis to validate

the results. The dynamic stiffness method has a maximum difference of 11% from the experimentally obtained
natural frequencies. In addition, a ® nite element model of the optimum design has been developed and showed

a maximum difference of 13% from the experimental results. Analysis using the dynamic stiffness method is as
accurate, much faster (in excess of 2 orders of magnitude),and considerably simpler than the ® nite element method

for this type of problem.

I. Introduction

M UCH research has been conducted into the use of material
bending±torsioncouplingto optimize the free vibrationchar-

acteristics of composite beams. In particular, the potential to max-
imize the speed at which an aircraft wing undergoes classic ¯ utter
and divergence has received notable attention. Such aeroelastic tai-
loring, as well as structural optimization subject to frequency con-
straints, has been well documented in review papers by Shirk et al.1

and Grandhi,2 respectively.
The bene® ts of using composites in place of metallic materials

for frequency-constrained optimization are due to their directional
stiffness and strengthproperties,their high stiffness-to-weightratio,
and the ability to couple bending and torsional displacements. To-
gether, these features allow a latitude in design that is not available
with conventional metals. The effect of coupled bending±torsional
rigidity on the free-vibrationnode line positionand frequenciesof a
cantileverbeam was examined by Weisshaar and Foist.3 A ® nite el-
ement method (FEM) was used to show that the amount of coupling
has a signi® cant effect on both the mode shapesand the frequencies.
In addition, Hollowell and Dugundgji4 conducted detailed investi-
gations into varying such coupling in composite uniform ¯ at plates
to ascertain the effect this has on divergenceand ¯ utter onset. Their
tests gave natural frequencyresults and includeddetailed low-speed
wind-tunnel analysis. Also, parametric studies, which examine the
effect that ® ber orientation of composite layers within a (uniform)
laminatedbeamhaveon ¯ utter speed,havebeenpresentedbya num-
ber of authors (for example, see Ref. 5). These recommend that for
aft swept composite wings, the coupled bending±torsional rigidity
should be negativeto maximize the ¯ utter speed [i.e., when air ¯ ows
in the negative x direction, the laminate should have a greater num-
ber of plies with negativeply angle than positive (see Fig. 1), where
h (ply angle) is de® ned positive as shown]. Finally, Meirovitch and
Seitz6 have recently combined frequency-constrained structuralop-
timization with aeroelastic tailoring and studied the structural mod-
eling of low aspect ratio composite wings. Particular attention was
paid to the pitch and plunge rigid body degrees of freedom.

Therealsohavebeena numberofmethodsdevelopedto undertake
the optimization of both metallic and composite wing structures.
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In 1992, Grandhi et al.7 utilized a generalized compound scaling
algorithm in the optimum design of plate structures with frequency
constraints.This treated the objective functionas an additionalcon-
straint given that both the original constraints and the objective
function are functions of the same variables. In addition, Butler
and Banerjee8 have recently developed a procedure for optimum
(mimimum mass) design of nonuniform metallic beams subject to
frequency constraints using the dynamic stiffness method (DSM).
Compared with the FEM, which gives a solution in which accuracy
is dependenton thenumberof degreesof freedom,theDSM involves
the exact solution of the governingequationsof motion allowing all
natural frequenciesto be found to any desiredaccuracy.The method
also requiresfew degreesof freedomand is thereforeextremelyef® -
cient,which is particularlyimportant for optimization.However, the
method is not as general as the FEM, which may be applied to fully
three-dimensionalstructures, but is ideal for structures that may be
modeled as nonuniform beams or prismatic plate assemblies.

This paper extends the use of the DSM to enable minimum mass
optimization of nonuniform composite beams subject to frequency
constraints.The optimizationprogramthat has been developedcon-
siders layer thickness as design variables given a generic layup and
utilizes the method of feasible directions to calculate each new
design iteration. An optimum design produced by the program is
manufactured from a carbon ® ber/epoxy composite and is then val-
idated by experimentalmodal analysis. Finally, the frequencies ob-
tained are compared to the results of modeling the optimum design
by using the commercial FEM package ANSYS.9

Fig. 1 Coordinate system, notation, and elemental setup of composite
beam (where µ is ply angle).
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II. Theory
A. Structural Model

Composite beams are modeled as series of uniform, connected
elements cantilevered at the root, and each element obeys the
following relationshipsbetween force and displacement:

M = ¡ E I
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where M is the bending moment, T is the torque, h is the vertical
displacement, w is the torsional displacement, and y is the length
along the beam (see Figs. 1 and 2). E I, G J, and K , which are
constant for each element, are the ¯ exural rigidity, torsional rigidity,
and coupled bending±torsional rigidity, respectively.

The rigidity propertiesdescribedare derived from the anisotropic
plate and laminate theory found in Refs. 10 and 11. The relationship
betweenplate bendingmoments, torsionalmoments, and curvatures
of the midsurface of a plate can be expressed as
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where the elements Di j (i, j = 1, 2, 6) are the ¯ exural modulus
components of a laminated composite plate that depends on both
the ® ber orientation and the stacking sequence of the individual
plies in the lamina.

If the y axis shown in Fig. 1 is taken as the referenceaxis, then the
plate de¯ ection w(x , y), the beam de¯ ection h(y), and twist w (y)
are de® ned as

h(y) = w (0, y) (4)

@w

@xx = 0
= ¡ w (y) (5)

Thus, in this case, the plate curvatures may be approximated as
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The relationshipsbetweenmoment resultantson the beam and those
on the plate cross-section, as seen in Ref. 10, are found to be

M = ¡ bMy (8)

T = 2bMx y (9)

where b is the width of the plate. If the chordwise moment Mx

is assumed to be zero, then the effective bending, torsional, and
coupling rigidities (E I, G J, and K , respectively)can be expressed
in terms of the plate properties in Eq. (3) as follows (for example,
see Ref. 3):

E I = b [D22 ¡ ( D2
12/D11

)] (10)

G J = 4b [D66 ¡ ( D2
16/D11

)] (11)

K = 2b [D26 ¡
D12 D16

D11 ] (12)

Fig. 2 End conditions for forces and displacements of a beam element of length L.

The rigidity properties derived above are used in the free vibration
analysis below.

B. Free Vibration Analysis
The DSM for composite beams involves assembly of a single,

frequency-dependent stiffness matrix, the elements of which are
transcendental functions of both mass and stiffness terms. The
method produces an exact solution in the sense that the dynamic
stiffnessmatrix is obtained from the exact solution of the governing
differential equations of motion for the structural element. Conse-
quently, the only assumptions made are those associated with how
the motion of the element is described by the differential equations.
The main differencebetweenthis and more traditional ® nite element
approaches is that in the latter the mass and stiffness matrices are
obtainedseparatelyand the former essentiallyassumesa continuous
distribution of stiffness and mass over the structure, thus allowing
for an in® nite number of degrees of freedom. In contrast, the FEM
discretizesthe stiffnessand the mass distributionto nodalpoints and
uses a ® nite number of degrees of freedom. Hence, they can ® nd
only the same ® nite number of modes as the number of degrees of
freedom used to model the problem, with inaccuracy increasing for
the higher modes found. However, because of the simplicity of the
structural elements that may be used by the DSM compared with
those that may be used in the FEM, the latter is much more capable
of detailed analysis of complex structures. The method is, how-
ever, suitable for the conceptual/preliminary design of structures
that may be modeled as nonuniform beams, e.g., high-aspect-ratio
aircraft wings.

For the beam elements considered here, the dynamic stiffness
matrix is formed from the exact solution of the following two dif-
ferential equations:
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where t is time and m and IP , which are constant for each element,
are the mass per unit length and the polar mass moment of inertia
per unit length, respectively. Note that the effects of rotary inertia,
shear deformation,and warping stiffness are considered to be small
and are thus neglected in these equations.

In derivingthe dynamic stiffnessmatrix, the verticaland torsional
displacements (h and w ) are given sinusoidal variations in time, so
that

h(y, t) = H (y) sin x t (15)

w (y, t ) = W (y) sin x t (16)

where x is circular frequencyand the solutions for W and H , which
are the nodal amplitudes of w and h, are obtained in terms of a
set of arbitrary constants. These constants are then eliminated by
imposing the prescribed end conditions (see Fig. 2) for the beam
displacements (H1, H 1 , and W 1 and H2 , H 2 , and W 2) and forces
(S1, M1, and T1 and S2 , M2, and T2). Reference 12 contains full
details of this procedure. The natural frequencies (eigenvalues) of
the elements may then be found by solving the following equation:

[K ( x )] f D g = f 0g (17)

where f D g is the vector of nodal amplitudes H , H , and W , and
[K ( x )] is the dynamic stiffness matrix, the elements of which are
transcendentalfunctions of frequency.The algorithm developedby
Wittrick and Williams13 is used to ensure that any desired natural
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frequency is found both with certainty and exactly, i.e., to the accu-
racy speci® ed in the program. (A relative accuracy of 10¡ 5 is used
in Sec. III.)

C. Optimization
The optimization procedure utilizes the method of modi® ed fea-

sible directions contained within the Fortran program DOT (design
optimization tools)14 to iteratively apply design variable changes to
the following constrained problem:

minimize W (18)

subject to Gn ·0 n = 1, 2, 3, . . . , nc (19)

and f X L g · f X g · f XU g (20)

where W , the mass of the beam, is the objective function, Gn are
the nc frequency constraints, and f XL g and f XU g are the lower and
upper bounds, respectively, on the design variables f X g . W and
Gn are both functions of f X g . The modi® ed method of feasible
directions is a gradient search technique,which requires calculation
of the sensitivity of Gn and W to design variable changes to ® nd a
ª usable±feasibleº direction in which to move the design. (A usable
direction is one that moves the design closer to the optimum; a
feasible direction ensures that this move does not violate one or
more of the design constraints.)

The constraintevaluationsfor eachdesign iterationare carriedout
by the analysis method described above. The constraintused in this
paper speci® es a lower limit on the difference x diff , prescribedin the
data input, between some frequency x i and some higher frequency
x h , where

Gn = 1 ¡
x h ¡ x i

x diff

for h > i (21)

Given the transcendentalnature of the eigenvalueproblem, the sen-
sitivity of constraints to design variable changes is found by using a
numerical forward ® nite differenceschemewith a step size of 0.001.
A constraint is considered active if its value is more positive than

¡ 0.03 and violated if it is greater than +0.003. Convergenceoccurs
when, for two consecutive design iterations, the relative change in
W is less than 0.1%.

III. Results and Discussion
A. Frequency Optimization of Nonuniform Composite Beams

The initial design used here consisted of a uniform beam made
up of 20 similar elements of layup [90/ 0/ ¡ 45/+45]s with overall
dimensions given in Fig. 1 and material properties given in Table 1.
Symmetry of the layupwas maintainedthroughoutoptimizationand
the thicknessof eachof the 90-, 0-,¡ 45-, and+45-deg layerswas al-
lowed to vary within the limits of 0.125mm ( a single ply of prepreg
material) and 2.0 mm (16 plies). For ease of manufacture, the beam
was divided into ® ve element groups (see Fig. 1), and the thickness
of the layerswithin each groupwas kept constant.Varying the thick-
ness of the four plies in the ® ve element groups resulted in a total of
20 design variables. Initially, each of the eight layers was made up
of four plies, i.e., [904/04/ ¡ 454/+454]s , where each ply was 0.125
mm thick,givingan initialbeamthicknessof 4.0 mm. The ® rstbend-
ing and ® rst torsionalfrequenciesfor the startingdesignwere 156.30
and 956.54 rad/s, respectively. The frequency constraints imposed
on the optimization process took the form of Eq. (21), so that the
mass of the design, W , was minimized, whereas separationbetween
the natural frequenciescorrespondingto the ® rst bending mode and
the ® rst torsional mode was constrained to be greater than or equal

Table 1 Material properties of Cytek
5245-T800 carbon ® ber/epoxy composite

Parameter Value

E1 165.0 GPa
E2 8.8 GPa
G12 5.0 GPa
G13 5.0 GPa
G23 2.5 GPa
m 12 0.30

q 1550 kg/m3

to some speci® ed value, x diff . This is generally recognized as being
good design practice from the aspect of avoiding classic wing ¯ ut-
ter, which involves the coalescenceof bending and torsional modes
as a function of airspeed. To ensure that at each iteration the con-
straint was calculatedfrom the correct frequencies,the optimization
code containeda mode tracking routine.Here, each mode shape was
found by calculating f D g in Eq. (17) for each ascendingnatural fre-
quency and normalizing each f D g with respect to the largest value
of H , H , and W . The ® rst mode to have a value of H or H as its
largest nodal amplitude was assumed to be ® rst bending, and the
® rst mode to have a value of W as its largest nodal amplitude was
assumed to be ® rst torsion. This method was used to indicate the
® rst bending and ® rst torsional modes throughoutoptimization.

The values of x diff used for optimization were 550, 650, 750,
850, and 950 rad/s, producing ® ve different optimum designs. The
progress of the objective, normalized with respect to the optimum
mass Wopt, and constraint (G1) during the optimization process for
an x diff of 750 rad/s is shown in Fig. 3. It can be seen that the op-
timizer attempts to satisfy the constraint in the ® rst iteration with
little concern for the effect on mass. Subsequent iterations then pro-
ceed to reduce the objective while keeping the frequencyconstraint
satis® ed given the tolerances used by DOT.

Figure 4 shows the variation in thickness of the ¡ 45- and +45-
deg layers that takes place in each of the groups of elements 1

Fig. 3 Constraint and objective progress during optimization (!diff =
750 rad/s).

a) ¡ 45-deg layers

b) + 45-deg layers

Fig. 4 Design variable history (!diff = 750 rad/s). Numbers on plots
indicate element groups.
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a) ¡ 45-deg layer thickness

b) + 45-deg layer thickness

Fig. 5 Variation for optimum beam designs with different values of
frequency separation !diff.

(root) to 5 (tip) over the course of the optimization. The results
shown are for a frequency separation of 750 rad/s. Similar plots of
the 90- and 0-deg ® bers are not shown, as by iteration 7 both of
these layers are at their minimum allowable thicknessof 0.125 mm.
The thicknessesof ¡ 45- and +45-deg layers are initially decreased
throughout the beam to capture the frequencyconstraint before the
beam is optimized to achieve its ® nal tapered form.

InFig. 5, the thicknessesof ¡ 45-and+45-deglayers foroptimum
designs for the range of x diff considered are displayed to illustrate
the design trends for separating ® rst bending and ® rst torsional fre-
quencies. Similar plots of 90- and 0-deg layers are not shown as
these layers are reduced to their lower bound of 0.125 mm, i.e.,
single-ply thickness, throughout. As shown, beam mass is reduced
by decreasing layer thickness toward the tip. In addition, this has
the effect of reducing I p and m, which, respectively, increase the
torsional frequency and bending frequency, with the former effect
being more pronounced. Increasing layer thickness toward the root
has a similar effect on E I and G J and in turn increases the bend-
ing and torsional frequencies. Once again, the effect on torsional
frequency is more pronounced.

Variations of E I , G J , and K are plotted in Fig. 6. The graphs
displaya smoothdecreasein the valuesof bendingrigidity, torsional
rigidity, and bending±torsion coupling from root to tip for all values
of x diff. The valueof E I for the initial design was 25.63 Nm2, which
is considerably higher than the optimized result; K , the coupled
bending-torsionalrigidity, and G J , the torsional rigidity, are closer
to their initial design values. The effect of K was investigated by
putting K equal to zero for the x diff = 750 rad/s optimum design.
This reduced the ® rst bending frequency from 125.2 to 33.6 rad/s
and reduced the ® rst torsional frequency from 917.5 to 259.3 rad/s.

Finally, Fig. 7 shows the relationship between optimum mass
and the ® rst bending and the ® rst torsional frequencies for the ® ve
designs considered.For the range of frequencyseparationscovered,
optimum mass increases fairly linearly with increasing x diff .

B. Experimental Methodology
To validate the program, the optimum design having an x diff of

750 rad/s was manufactured from a carbon ® ber/epoxy composite.

Fig. 6 Variation of rigidities for optimum beam designs with different
values of frequency separation !diff.

Fig. 7 Optimum design mass against ® rst bending and ® rst torsional
natural frequencies for composite beams.

To make this possible, the optimum obtained earlier was subject to
the discrete optimization routine within DOT. Here, DOT treated
the continuoussolutionas a lower limit and then used a ª branch and
boundº method to select the nearest thickness that corresponded
to a whole number of plies (see Ref. 14). This gave the discrete
solution shown in Table 2. During the discretizationroutine, the op-
timum mass increased from 0.0951 to 0.0967 kg, but the frequency
constraint remained satis® ed.
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Table 2 Continuous and discrete optimization results for !diff = 750 rad/s

Continuous optimum

Element t90 , t0, t¡ 45, t+45 , Discretized

group mm £ 10¡ 3 mm £ 10¡ 3 mm £ 10¡ 3 mm £ 10 ¡ 3 optimum

1 0.125 0.125 0.462 0.500 [90/ 0/ ¡ 454/+454]s

2 0.125 0.125 0.438 0.479 [90/ 0/ ¡ 454/+454]s

3 0.125 0.125 0.368 0.425 [90/ 0/ ¡ 453/+453]s

4 0.125 0.125 0.261 0.336 [90/ 0/ ¡ 452/+453]s

5 0.125 0.125 0.137 0.139 [90/ 0/ ¡ 45/+45]s
Total mass, W 0.095 kg 0.097 kg

Fig. 8 Example of frequency response function taken from experimental modal analysis.

The discretized beam was manufactured by using Cytek 5245
epoxy prepregs with a T800 carbon ® ber, the material properties of
which are listed in Table 1. The beam was cured by a hot-press tech-
nique and postcure was also undertaken to minimize the amount of
water absorbed in the beam. It was evident that, because of a small
amount of resin leakage, the beam would have to be trimmed at one
end. Consequently,the ® nal element of the beam was 0.01 m instead
of 0.02 m long.Although this affectedthe valuesof ® rst bendingand
® rst torsional frequencies, the constraint of x diff ¸ 750 rad/s was
still satis® ed. A surface grid was then applied to the beam to facil-
itate modal analysis testing. A shock loading method of excitation
was used with frequencydata taken from an accelerometermounted
on one edge three-quartersof the way outboard from the root. Poly-
nomial curve ® tting was completed with the EMODAL15 software
package to obtain the natural frequencies and mode shapes of the
beam. Figure 8 gives an example of frequency response function
used in this process and illustrates the quality of the data obtained.
For further details of the modal testing techniquesused, see Ref. 16.
Table 3 gives a comparison of the ® rst eight natural frequencies
obtained by the DSM and by experimentalmodal analysis.Percent-
age difference is calculated relative to the experimental results. As
shown, the DSM gives frequencies that are within 11% of the ex-
perimental modal analysis results. In particular, the bending modes
are predicted to an accuracy of within 4%. However, the discrep-
ancies between the DSM calculated torsional frequencies and the
experimental results do not follow a consistent pattern; the ® rst tor-
sional mode has a discrepancyof 7%, the second has a discrepancy
of ¡ 11%, and the third has a discrepancy of only ¡ 1%. It is not

completely understood why this is the case, but it may be due to a
combination of the effects of neglecting shear deformation, warp-
ing stiffness, and rotary inertia in derivationof the dynamic stiffness
matrix in Eq. (17).Furthermore, the DSM does not includeany form
of damping,either structuralor aerodynamic,and thus the DSM fre-
quencyresults shouldbe higher than the experimentalresults,which
are damped.Table 3 shows that this is the case only for the ® rst three
modes.

C. FEM Comparison

In addition to the modal analysis, the DSM was validated against
a FEM model constructed with the commercial package ANSYS.9

The model consisted of 312 eight-noded shell elements, which
allowed for shear deformation. Each element had dimensions of
0.01 £ 0.01 m. The resultantnatural frequenciesaregiven in Table 3.
As shown, the differences between the FEM results and the exper-
imental modal analysis are marginally greater (maximum of 13%),
with the exception of mode 5, than the difference between the
DSM and the experimental results. The FEM results, which were
all fully converged, are consistently higher than the experimental
results. To investigate this, a FEM model with a ® ner mesh (having
0.005 £ 0.005 m elements)was examined.The frequenciesobtained
differed from those given in Table 3 by less than 0.5%, suggesting
that the discrepanciesmay be for the follwing two reasons.First, the
FEM model did not include the effect of structuraland aerodynamic
damping. Second, the FEM model did not account for the mass of
the accelerometer.
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Table 3 Comparison of natural frequencies obtained
from experimental, DSM, and FEM modal analysis

Mode Mode Experiment, FEM (% difference), DSM (% difference),
no. shapea Hz Hz Hz

1 1B 19.4 20.3 (+5) 19.9 (+3)
2 2B 86.7 91.7 (+6) 90.3 (+4)
3 1T 137.0 154.3 (+13) 146.0 (+7)
4 3B 215.3 217.8 (+1) 213.0 ( ¡ 1)
5 2T 284.0 304.0 (+7) 252.8 ( ¡ 11)
6 4B 384.8 394.3 (+2) 384.0 (0)
7 3T 445.4 494.5 (+11) 441.1 ( ¡ 1)
8 5B 624.8 654.1 (+5) 611.4 ( ¡ 2)

aB indicates a bending mode, and T indicates a torsional mode; e.g., 3B is the third
bending mode.

Having investigated the effect of including a lumped mass at the
accelerometer position within the DSM beam model, it was found
that although the bending results were not affected (less than 0.5%
difference), the torsional results were reducedby a maximum of 4%
whenan accelerometerwas includedin themodel.Thus, if this effect
had been taken into account with the FEM model, it is likely that
the torsional results would have been closer to the experimentally
obtained values.

Examination of the eight experimental, FEM, and DSM mode
shapes corresponding to the results presented in Table 3 showed
that each analysismethod producedvery similar mode shapes at the
given frequencies.

Note that the computational run times for each analysis method
differedgreatly.The FEM modal analysis took approximately420 s
of CPU time on a SUN SPARC 10, whereas the equivalent modal
analysis with the DSM took less than 3 s. The entire optimization
process with the DSM took approximately 10 min.

IV. Concluding Remarks
Optimum design of nonuniform ¯ at composite beams subject to

frequency constraints has been considered. The associated natural
frequencies have been calculated by using the DSM and have been
validated by experimental modal analysis and commercial ® nite
element software.

A generic composite layup has been optimized given a variety
of frequencyconstraints speci® ed in terms of the separationof ® rst
bending and ® rst torsional natural frequencies. The optimizer was
able to drasticallyreduce the mass of the beams by both minimizing
the amount of 90- and 0-deg ® bers within the structure and maxi-
mizing the effectivenessof +45- and ¡ 45-deg ® bers. The resultant
design for a frequency separation of 750 rad/s has been manufac-
tured and subject to an experimental modal analysis, the results of
which agree well with those predicted by the DSM.

Additional validation was provided by the FEM, the results of
which compared well with the DSM frequencies and the experi-
mental modal analysis.Given that the run time for the ® nite element
calculationswas of the order of 7 min (whereas the DSM took only

a few seconds and uses a much simpler modelÐ 20 elements as op-
posed to 312), it is evident that the DSM is an extremely ef® cient
and accurate method for modeling this type of problem.
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